Dror Bar-Natan: Papers: WKO:

The "Infinitesimal Alexander Module"

Pensieve Header: Work on the “infinitesimal Alexander module” asin our (DBN and Zsuzsanna Dancso) paper
“Finite Type Invariants of W-Knotted Objects. From Alexander to Kashiwara and Vergne” ( http://www.math.-
toronto.edu/~drorbn/papers/'WK O/ ); continues pensieve://2009-06/.

<p>First working version, needs D conjugation.

<< Knot Theory"

Loadi ng Knot Theory™ version of April 20, 2009, 14:18:34.482.
Read nore at http: //katl as. org/w ki /Knot Theory.

A = Al exander [K = Knot [4, 1]][X]

KnotTheory:loading : Loading precomputed data in PD4Knots".

3---X
X
G=CGD ee PD[K] /.
XM, j_, k., | _1 = If[PositiveQ[X[i, |, k, 111, Ar[l, i, +1], Ar[j, i, -11]

GD[Ar [1, 4, 1], Ar[5, 8, 1], Ar[3, 6, -1], Ar[7, 2, -17]


http://www.math.toronto.edu/~drorbn/papers/WKO/
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Drawing Arrow Diagrams

Draw[expr_] := expr /. gd_CD: Draw[gd];
Draw[gd_GD] : = Modul e[
{n = Length[gd], h, k =0},
Graphics[{
Line[{{0, 0}, {2n+1, 0}}],
Tabl e[Text [i, {i, -0.3}1, {i, 2n}],
(List eegd) /. {
Arfi_, j_, s_1 = {
h=Abs[i -j]/2;
Bezi er Curve[{
(i, 0}, {i, h}, {( +j)/2, h}, {, h}, {, 0}
}, SplineDegree -» 2],
Text [s = (++k), {( +j) /2, h-0.3}],
Line[{{j -0.2, 0.4}, {j, 0}, {j +0.2, 0.431}1]
}

}
]
1
Dr aw[G]

Work in IAM

Conventions for red objects:

1. Legs start just to the right of the index; ar[0,7] means ared arrow starting to the right of position O (that is, to
the left of everything) and ending to the right of position 7).

2. If two (red) indices are the same, the heads are to the right of the tails.

3. wl[] isthe one-legged wheel object.

3. y[i,j,kK] means"red Y withtailsati and j and head at k".
n = 2Length[G]; range = Range[0, nl;
Short [Al | RedObj ects = Flatten]{

Quter [ar, range, range], Quter [y, range, range, range], WL[]
1
{ar [0, 0], ar [0, 1], ar [0, 2], ar [0, 3], 803>, y[8, 8, 6], y[8, 8, 7], VI[8, 8, 8], wL[]}

The relations associated with ared objects involve al the ways of "pulling one red leg one unit to the left". So
d[i] means"ared legati minusaredlegat (i-1)":

ar[d[i_1, j_l1:=arf[i,jl -ar[i -1, j] +If[i -1=j, -wi[], OI;

ar[i_, d[j_1] :=ar[i,j]l -ar[i, j-11 + If[i =j, wil[], OI;

yrdri_1, j_, k.1 :=vyIli,j, k]l =y[i -1, j, k] +If[i -1=k, wi[], O];

yli_, j_, d[k_11 :=
YO, i, Kl = y[i,j, k=17 +1f[i =k, -wl[], O]+ If[j =k, wi[], O];
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Now let'sform all the red relations; starting with the anti-symmetry of y:

RedRel ations = {};

RR[rel _Rul eDel ayed] : = AppendTo[RedRel ati ons, rel I;
Set Attributes[RR, Listable];

RRIy[t1l , t2_, h_ ] % . = y[tl, t2, h] +y[t2, t1, h]];

Ar Tai l Ar Head

ar arf[i_, h_ 1A _,j_, s_1%_. = ar[j_, h_TA[i_, j_, s_1%_. =
RRe | Tai l ar [d[i], h] ar[d[j]1, hl1+ (X*s-1)yli, j, hl

ar arft_, i _JA[i_, j_, S_1%_. = ar[t_, j_TA[i_, j_, s_1%_. =

Head ar[t, d[i]]+ (X*"s-1)y[i, t,j-11 arf[t, d[j]l]l-(X"s-1)yI[i, t, | -1]

Ar Tai l Ar Head

y yIo_, t_, h_JATi ,j_, s_1x_. =» yIO_,t_, 1AL, j_, s_1%x_. =
RRe | Tai | y[d[il, t, h] yld[l, t, h1 - (X*s-1)y[i, j, hl

y yrtl ,t2 , i 1A i _,j_,S 1*x_. =» yrtl ,t2 ,j JA i _,j_, S 1*x_. =»

Head y[t1, t2, d[i]]+ (XAs-1)y[tl, t2, j -11 y[tl, t2, d[j]1]- (X s-1)y[tl, t2, j

Rel ationsIn[G GD, red_] : = ReplaceList[
red = (Times e@ Sel ect [G (I ntersection[List ee#, List ered] =!= {}) &),
RedRel ati ons
1
Short [Al |l RedRel ations = Flatten[Rel ationsIn[G #] & /@ Al |l RedObj ects]]
{-ar [0, O] +ar [0, 1]+ (-1+X)y[1, O, 3], «<2167>, -y[8, 8, 7] - (-1 +X) «<1> +y[8, 8, 8]}

rule = Dispatch[Thread[Rul e[Al | RedObj ects, ldentityMatrix[Length[Al | RedCbjects]11]11;
Short [RedRul es = Map [

(
p = FirstePart [All RedObj ects, FirstePosition[#, 1, {1}11;
p » p- (# Al RedObj ects)

) &
Del et eCases [mat = Sinplify[RowReduce[Al | RedRel ations /. rulel], {O0...}]

11

{ar [0, O] > ar [8, 8], ar [0, 1] »ar [8, 8], «<805>, y[8, 8 7] >0, y[8, 8, 8] -0}
Si mpli fy[RedRul es[[Tabl e[Random[I nt eger, {1, Length[RedRul es1}]1, {10}1111]

Wi[] X2wWlL[]

{y[o, 8, 5 > —, y[2, 7, 5] 5-————, y[2, 7, 7] >0,
X 1-3X+X2

1 (-2 +X)wl[]
y[6, 1, 6] - [1+7]Wl[], y[6, 6, 7] -0, y[0, 4 3] > ————
1-3X+X 1-3X+X
WL[] - Xwl[] (-1+X)2wL[]
y(5 0, 6] > ——, ar[2, 5] »ar[8, 8] + —
X-3X2 4+ 1-3X+X
WL[] - Xwl[] (1-3X+3X2-3X8+X) wi[]
y[6,3 2] > —————— " ar[8, 6] »ar[8, 8]+ }
1-3X+X X2 (1-3X+X)

lambda =Plus ee G /. Ar[i_, j_, s_]1 » s=*arl[i, j]
ar [1, 4] -ar [3, 6] +ar [5, 8] —ar [7, 2]
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deltalL = ar [0, 0] +wL[]; deltaR=ar [0, O];
{

slL =Plus ee Cases[G Ar[i_,j_, s
sIR=Plus ee Cases[G Ar[i_, j_, s
SL=slL«deltalL +sl R«xdeltaR

}

{711 11 7V\/l[]}

1 /; ] <1 = 8],
17/

;1 <] = s],

Simplifye{l anbda-SL /. RedRules, XD[Log[A], X] *wWL[]}

{WlH—XZWlH (-1+X2)W1H}
1-3X+X2 | 1-3X+X2
There's still asign issue above!
All G Matrices
Tij[Ar[ti_, hi_, si_], Ar[tj_, hj_, sj_11 :=If[
ti <hj <hi [] hi <hj <ti,
1, 0

1
Tm = Quter [Tij, List @G List ee(C];

Sm = Di agonal Matrix[List ee G /. Ar[_, _, s_] = s]J;
Dm = Di agonal Matrix[List ee G /. Ar[t_, h_, _] = Signfh-t]1;
SDm= Sm Dm

Id=IdentityMatrix[n/2];
SD1im = Matri xExp[-Log[X] SDm] - |d;

Bm=Tm SD1m
Matri xForm /@ {Tm Sm Dm SDm SDlm Bm}
0001 10 0 O 100 O 10 0 O
{ 0010 01 0 O 010 0 01 0 O
1000|000 -1 0/("|001 01| |O0OO0O-120}
1010 00 0 -1 000 -1 00 0 1
1 1
—1+; 0 0 0 0 0 0 —1+;
0 14+t 0 0 0 0 -1+X O
X ) 1
0 0 -1+X 0 -1+ 00 0 }
1 1
0 0 0 *1+; *14»; 0 71+X 0

Simplifye{lanmbda-SL /. RedRules, Tr[BmInverse[ld-Bm]. (Id+Tm).SDm] *wWL[]}
{Mu—xzwm (*1+X2)W1H}

1-3X+X2 | 1-3X+X
There's still asign issue above!




The IAM Matrices

tail [i_] := G[[i, 111;

head[i _1 := G[[i, 2]11;

dir[i_] := Sign[fhead[i]-tail [i]];
eps = 0.2; (= For all practical

lambij[i_, j_1 := (

ar [tail [I]+eps=dir[i],
ar [head[i ] -eps =dir [i],

b_1 » (

Fl oor [b]] +

| f [Fl oor [a] == Fl oor [b] & a > b, wi[],

) /.

);
Lanbda =

Yijri_, o j_l

head[i ] -eps =dir [i ],
yla_, b_, c_1 =» (
Fl oor [b],

17/
y [Fl oor

ar [a_,
ar [Fl oor [a],

Table[lambij [i, j1, {i,

=yl

[al,

pur poses,

n/2y A,

Fl oor [c]] +
| f [Fl oor [b] == Fl oor [c] & b > c,
| f [Fl oor [a] = Fl oor [c] & a >c, -wl[], O]

wi[],

this is

0]

n/231;

tail [i]+eps*dir[i],

0] +

"little"
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*)

head[j ] -eps*dir[j]1/2] -
head[j ] -eps=*dir[j]/2]

head[j ] -eps=dir[j]/2

):
Ym = Table[Yij[i, jl, {i, n/2}, {j, n/2}1;
Matri xForm /e {Lanbda, Ym}
ar[1, 3] -ar[3, 3] arf[l, 7] -ar[3, 7] ar[l, 5] -ar[3, 5] ar [1, 2] -ar [3, 2]
{ ar (5, 3] -ar[7, 3] ar|[5, 7] -ar[7, 7] ar([5 5]-ar[7, 5] ar [5, 2] —ar [7, 2]
ar (3, 3] -ar[5 3] ar([3, 7] -ar[5 7] ar([3, 5]-ar[5 5] ar [3, 2] -ar [5, 2]
-ar [2, 3] +ar[6, 3] -ar[2, 7] +ar[6, 7] -ar[2, 5] +ar (6, 5] -ar[2, 2] +ar [6, 2] -wl[]
Test 1
testl = Sinplify[{l anbda -SL, Tr [Sm Lanbda]} /. RedRul es]
{wm SXWL[] wWA[] -XPwl(] }
1-3X+X2 1-3X+X?
{1, -1}.testl
0
Test 2
Mat ri xForm /@ (test2 = ExpandNuner at or [Toget her [
{Lanbda, Dm Bm Dm Ym-Dm Tm (SD1lm+1d)} /. RedRules /. wi[] -» 1
11
1-X 0 X-X? 1 1-X 0 X-X? 1
1-3 X+X? 1-3 X+X2 1-3 X+X2 1-3 X+X2 1-3 X+X? 1-3 X+X?
-1+X -1+2 X —1+2 X-X2 -1+X -1+2 X —1+2 X-X2
0 0
1-3 X+X? 1-3 XX X (1-3 X+X?) 1-3 X+ X2 1-3X+X2 X (1-3X+X?)
{ 1 0 1-2 X+ X2 1-X ’ 1 0 1-2 X+ X2 1-X }
1-3 X+ X2 1-3 X+ X2 X (1—3 X+X2) 1-3 X+ X2 1-3 X+ X2 X (1—3 X+XZ)
B X _ X2 -1+X B X B X2 -1+X
1-3 X+ X2 1-3 X+ X2 1-3 X+X2 1-3 X+X? 1-3 X+X? 1-3 X+X?
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Simplify[{1, -1}.test2] // MatrixForm

o
o

O O oo

0
0
0
0

o O o
o O o

Test 3

Mat ri xForm /@ (test3 = ExpandNuner at or [Toget her [
{Ym DmBmDm Ym-Dm Tm (SDIm+1d)} /. RedRules /. wi[] » 1

1
1-X 0 X-X? 1 1-X 0 X-X? 1
1-3 X+ X2 1-3 X+ X2 1-3 X+X? 1-3 X+ X2 1-3 X+ X2 1-3 X+ X2
-1+X 0 -1+2 X -1+2 X-X2 -1+X 0 -1+2 X -1+2 X-X2
1-3 X+X? 1-3X+X2 X (1-3X+X?) 1-3 X+X? 1-3X+X2 X (1-3X+X?)
{ 1 o Ll2xx 1-X ' 1 o L2xx 1-X }
1-3 X+X2 1-3 XX X (1-3 X+X?) 1-3 X+ X2 1-3XeX X (1-3 X+X?)
X X2 -1+X X 0 X2 -1+X
1-3 X+X2 1-3 X+X2 1-3 X+X2 1-3 X+X2 1-3 X+ X2 1-3 X+X2

Simplify[{l, -1}.test3] // MatrixForm
00O00O0

00O00O
00O0O
00O00O



